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Abstract. We study the two-dimensional Ginzburg-Landau functional in a 
domain with corners for exterior magnetic field strengths near the critical field 
where the transition from the superconducting to the normal state occurs. We 
discuss and clarify the definition of this field and obtain a complete asymptotic 
expansion for it in the large k regime. Furthermore, we discuss nucleation of 
superconductivity at the boundary. 
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1. Introduction 

It is a well-known phenomenon that superconductors of Type II lose their su- 
perconducting properties when submitted to sufficiently strong external fields. The 
value of the external field where this transition takes place is usually called Hc^ , 
and is calculated as a function of a material-dependent parameter k. The calcu- 
lation of this critical field, Hc-^ , for large values of k has been the focus of much 
activity [BeSt], [LuPaTl ILuPa2[ IHlPaS) . [PiFeStj . jHeMo2| and |HePa| . In the re- 
cent works |FoIIe31 IFoIIe4| the definition of Hc^ in the case of samples of smooth 
cross section was clarified and it was realized that the critical field is determined 
completely by a linear eigenvalue problem. The linear spectral problem has been 
studied in depth in the case of corners in [BoSTI [B0H2I IBonDaj. The objective of 
the present paper is to use the spectral information from [BonDa] to carry through 
an analysis similar to the one in [FoHe3| in the case of corners. Thereby we will 
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in particular obtain: 1) A complete asymptotics of iJcs for large values of k, in 
terms of linear spectral data, 2) Precise estimates on the location of nucleation of 
superconductivity for magnetic field strengths just below the critical field. 
The case of corners of angle 7r/2 has been studied in [Jadl IPan3j . Our results are 
more precise — even for those angles — and we study more general domains. 

We will work in the Ginzburg-Landau model. Let C be a bounded simply 
connected domain with Lipschitz boundary. The Ginzburg-Landau functional is 
given by 

+ K^H^i IcurlA- Ipda; , (1.1) 

with ijj E W^''^{il; C), A in the space Hp that we will define below, and where 
Pa = (— iV — A). Notice that the second integral in (|l.ip is over the entire space, 
M^, whereas the first integral is only over the domain fi. 

Formally the functional is gauge invariant. In order to fix the gauge, we will 
impose that vector fields A have vanishing divergence. Therefore, a good choice 
for the variational space for A is 

^F.div = F + -ffdivJ (1-2) 

where 

ii^i^ = {A e H\K.^,M.'^) I div a = 0} . 
Furthermore F is the vector potential giving constant magnetic field 

F{xi,X2) = ^i-X2,Xi), (1.3) 

and we use the notation H^{M.'^) for the homogeneous Sobolev spaces, i.e. the 
closure of (R^ ) under the norm 

II/IIhi = I|v/||l.. 

Any square integrable magnetic field B{x) can be represented by a vector field 

Minimizers, {ip,A) e W^''^{fl) x Hp , of the functional £ have to satisfy the 
Eulcr-Lagrange equations: 

PkHA^ = '^'(l - IV-n^ in ^, (1.4a) 
cuTl^A = {~j^(4iVi'-i'V^)-\TP\^A}ln{x) in , (1.4b) 

{p.HA^j) ■ >^ ^ on dn. (1.4c) 

It is standard to prove that for all k, H > 0, the functional Sk^h has a minimizer. 
An important result by Giorgi and Phillips, [GiPh| . states that for k fixed and H 
sufficiently large (depending on k), the unique solution of p.4p (up to change of 
gauge) is the pair ("0, A) = (0,F). Since is a measure of the superconducting 
properties of the state of the material and A is the corresponding configuration 
of the magnetic vector potential, the result of Giorgi and Phillips reflects the ex- 
perimental fact that superconductivity is destroyed in a strong external magnetic 
field. 
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We define the lower critical field H_q^ as the value of H where this transition 
takes place: 

H_(j,^{k) = \ni{H > Q : (0, F) is a minimizer of f^.n} ■ (1-5) 

However, it is far from obvious from the functional that the transition takes place 
at a unique value of H — there could be a series of transitions back and forth before 
the material settles definitely for the normal state, (0,F). Therefore, we introduce 
a corresponding upper critical field 

Hc^{k) — inf{i7 > : (0, F) is the unique minimizcr of h' for all H' > H} . 

(1.6) 

Part of our first result, Theorem 11.41 below, is that the above definitions coincide 
for large k. 

Let us introduce some spectral problems. For B > and a (sufficiently regular) 
domain f7 C M^, we can define a quadratic form 

Q[u] = Qu.bM = I |(-«V - BF)u|2 dx, (1.7) 
Jo. 

with form domain {u € L^(ri) | (— iV — BF)u € L^{Q)}. The self-adjoint operator 
associated to this closed quadratic form will be denoted by 7i(-B) = HniB). No- 
tice that since the form domain is maximal, the operator Ti.ci{B) will correspond 
to Neumann boundary conditions. We will denote the n'th eigenvalue of 7Y(i?) 
(counted with multiplicity) by X„{B) = Xn.n{B), in particular, 

Xi{B) = Ai,o(B) := inf Spec Tin (B). 

The case where 51 is an angular sector in the plane will provide important special 
models for us. Define, for < a < 27r, 

r„ := {z = r(cos 6*, sin 6i) G | r e (0, oo), |6l| < a/2}. 

Since this domain is scale invariant one easily proves that 

SpecTirjS) = S SpccTir^ (1). 

Therefore, we set B — 1 and define 

^i(q) = Ai,r„(B = 1). (1.8) 

The special case of a = tt, i.e. the half plane, has been studied intensively. In 
compliance with standard notation, we therefore also write 

Qq := iJ,i{a = tt). 

It is known that the numerical value of Qq is Qq = 0.59 

Remark 1.1. 

It is believed — and numerical evidence exists (cf. |AlBo[ iBDMVj and Figure\l\) to 
support this claim — that a s- fii{a) is a strictly increasing function on [0, tt] and 
constant equal to Qq on [tt, 27r]. // this belief is proved, then the statement of our 
Assumvtion l 1 . S\ below can be made somewhat more elegantly. 

We consider a domain whose boundary is a curvilinear polygon in the sense 
given by Grisvard, see Definition 11.21 
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Figure 1. fj,i{a) vs. a/ir for a G [0, 1.257r]. 
Definition 1.2 (cf. [23 p.34-42]). 

Let ^ be a bounded open subset o/R^. We say that the boundary T is a (smooth) 
curvilinear polygon, if for every x G T there exists a neighborhood V of x in and 
a mapping ip from V in R^ such that 

(1) ijj is injective, 

(2) ip together with (defined on ij^iV)) belongs to the class C°° , 

(3) is either {y i'2{y) <0}, {y ipiiy) < and V'2(y) < 0}, or 
{y € Q\ tpiiy) < or ip2{y) < 0}, where ipj denotes the components of ip. 

From now on. wc consider a bounded open subset C R^, whose boundary is a 
curvilinear polygon of class C°° . The boundary of such a domain will be a pieccwise 
smooth curve F. We denote the (minimal family of) smooth curves which make 
up the boundary by Tj for j = 1, ■ . ■ , N. The curve F^+i follows Fj according to 
a positive orientation, on each connected component of F. We denote by Sj the 
vertex which is the end point of Tj . We define a vector field Vj on a neighborhood 
of f2, which is the unit normal a.e. on Fj. 

We will work under the following assumption on the domain. 

Assumption 1.3. 

The domain has curvilinear polygon boundary and denote the set of vertices by 
S. We suppose that N := jSj ^ 0. We denote by as the angle at the vortex s 
(measured towards the interior). We suppose that /ii(as) < Oq for all s G E, and 
define Ai :~ miusgs /ii(as). We also assume that as G (0, tt) for all s Cz S. 

Under this assumption we resolve the ambiguity of definition of Hcsin) and 
derive a complete asymptotics in terms of spectral data. 

Theorem 1.4. 

Suppose that fl is a bounded, simply- connected domain satisfying Assumvtion \1.3\ 
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Then there exists kq > such that if n > kq then the equation 

has a unique solution H = .//^"(k). Furthermore, if kq is chosen sufficiently large, 
then for k > kq, the critical fields defined in (jl.5p . (jl.6p coincide and satisfy 



Hc,{k)=HcM = hII{k). (1.9) 

Finally, the critical field has a complete asymptotic expansion in powers of k~^: 
There exists {r]j}°°^i C M such that 



,(k) = -^(i + ^77,k-^), for K^^, (1.10) 

in the sense of asymptotic series. 
Remark 1.5. 

The result analogous to Theorem \1.4\ for smooth domains (i.e. for E = 0j has been 
established in jFoHe31 IFoHe4j . Notice however that the form of the asymptotics 
(|1.10p depends on the existence of a vortex and is more complicated in the case of 
smooth domains. 



Once Theorem [L4] is established it makes sense, for large values of k, to talk of 
the critical field that we will denote by Hc^{k) (= H_q^{k) = Hcsin)). 

In the case of regular domains (without corners) one has the asymptotics (see 
[LuPalj . [PiFeStj . |HeMo2j and [HiPi] ). 

Wo 

where the leading correction depends on the maximal curvature of the boundary. 
We observe that the corners — which can be seen as points where the curvature is 
infinite — change the leading order term of Hc^ {k). Thus there is a large parameter 
regime of magnetic field strengths, k/Qq H < Hc^{k), where superconductivity 
in the sample must be dominated by the corners. Our next two results make this 
statement precise. First we prove Agmon type estimates, for the minimizers of the 
non-linear Ginzburg-Landau functional, which describe how superconductivity can 
nucleate successively in the corners, ordered according to their spectral parameter 
Mi("s)- 

Theorem 1.6. 

Suppose that f2 satisfies Assumvtion ll.Sl let ^ > satisfy miusgs ^1(0^5) < M < 
and define 

E' ■.= {se^\^il{a,)<fl}. 

There exist constants kq, M, C, e > such that if 

H -1 

K> Kq, — > /i , 

K 

and (■(/', A) is a minimizer of £k,^h, then 



e 

n 



< C / \iIj{x)\'^ dx. 
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Finally we discuss leading order energy asymptotics in the parameter regime 
dominated by the corners, i.e. k/8o <C < Hn^ (k). The result below, Theo- 
rem [TT71 can be seen as a partial converse to Theorem ll.6l in that all corners which 
are spectrally permitted will contribute to the leading order of the ground state 
energy. 

One can imagine an interaction between corners with the same spectral param- 
eter, i.e. with the same angle a. This would be a tunnelling type effect and has 
much lower order. We refrain from a detailed study of such an interaction, since 
that would be far out of the scope of the present paper. 

The ground state energy will be given to leading order by decoupled model 
problems in angular sectors. It may be slightly surprising to notice that these 
model problems remain non-linear. 

Let a G (0, tt) be such that /ii(q;) < Oq- (Remember that it follows from [Bon2| 
that /ii(a) < Oo for a e (0, ^] and that numerical evidence suggests this to be the 
case in the entire interval a e (0,7r).) 

Define, for /ii,^2 > 0, the following functional J^_^ 

{\{-^y-m'?-^^M? + ^\i^\''}dx, (1.11) 

with domain {ijj G i^(r„) | (— iV — F)ip G i^(r„)}. Define also the corresponding 
ground state energy 

Ku,. :=infJ,",,,JV]. 
The main result on the ground state energy of the Ginzburg-Landau functional in 
the parameter regime dominated by the corners is the following. 

Theorem 1.7. 

Suppose — > /i G IR+ as K ^ oo, where ^ < Qq. Let A) = {ip, A)i^ h(k) be a 
minimizer o/ //(^^ . 
Then 

as K oo. 
Remark 1.8. 

Proposition below states that i?"'^ = unless ^1(0^) < /i, so only corners 
satisfying this spectral condition contribute to the ground state energy in agreement 
with the localization estimate from Theorem \1.6[ 

2. Spectral analysis of the linear problem 
2.1. Monotonicity of Ai(S). 

In this subsection we will prove that B 1-^ M{B) is increasing for large B. Thereby 
we will have proved the first statement of Theorem 11.41 (see Propositions 12.31 and 
12.41 below). Furthermore, Lemma [2.51 establishes the form of the asymptotics of 

In |BonDa| the asymptotics of Xi{B) was effectively calculated to any order. Let 
us recall their results. 

Definition 2.1. 

Let fl be a bounded curvilinear polygon. We denote by 
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• A„ the n-th eigenvalue of the model operator (BsesQ"^ where Q"^ is the 
magnetic Neumann Laplacian (— iV — F)^ on the infinite angular sector of 
opening as. In particular, Ai = minsgs fii{as), 

• Kq the largest integer K such that Kk < So? 

• /^^"^(ft,) the n-th smallest eigenvalue of the magnetic Neumann Laplacian 
{~ihV -¥f onVt. 

Theorem 2.2 f |BonDaj Theorem 7.1). 

Let n < A'q. There exists ho > and {rnj)j>i such that for any N > and h < ho, 

N 

= /iA„ + h^mjh^/^ + 0{h^). 

Furthermore, if fl is a bounded convex polygon ( i. e. has straight edges ), then for 
any n < Kq, there exists r„ > and for any e > 0, > such that 



^"\h) -hAn\< Ceexp (^--^(r„Veo-A„-e) 



Recall the notation 7i(i3), Xn{B) introduced after (|1.7p . By a simple scaling, we 
get 

A„(B) = Vn. (2.1) 

Let us make more precise the behavior of Xi{B) as B is large. For this, we define 
the left and right derivatives of Ai(S): 

A;,(B):^ lim ^dB + e)-MB)^ 

Proposition 2.3. 

The limits of Xi ^{B) and X'l _{B) as B ^ +oo exist, are equal and we have 
lira A;.+(B)= lim A;__(S)=Ai. 

Therefore, B Xi{B) is strictly increasing for large B. 
Proof. 

This proof is similar to that of [FoHe3| . 

Let B > and let n be the degeneracy of Xi{B). There exist e > 0, 2n analytic 
functions <f>j and Ej, j ~ 1, . . . ,n defined from {B — e,B + e) into H^{il) \ {0} and 
R respectively, such that 

H(/3)0j(/3) = (/?)</),(/?), E^{B) = Ai(S), 

and such that {(j)j{B)} are linearly independent. If e is small enough, there exist 
j-^. and 7_ in {1, . . . , n} such that 

for/3e (B,B + e), -Bj +(/?)= min Ej{f3), 

je{l,...,n} 

for l3e{B- £, B), Ej__{P) = min E.j{(3). 

je{l,....n} 

By first order perturbation theory, the derivatives X'l ^ (B) can be rewritten 
X[^^iB) = -2n{cP,jB),F ■ i-z^ - BF)c^,jB)). 
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We deduce, for e > 0, 

X^jB + e) - X,{B) 
^ 

Using Theorem 12.21 we deduce that 
Thus, 

UmmfA;^+(S)> Ai-e||F||i^(n)- 

B—*oo ^ ' 

Since e is arbitrary, we have 

hminf A'l , (B) > Ai. 

Taking e < 0, we obtain by a similar argument, 

liminf A'l _{B) < Ai. 

The two last inequalities and the relation A^ ^{B) < X'l „(-B) achieve the proof. □ 
We are now able to prove the following proposition. 

Proposition 2.4. 

The equation in H 

Xi{kH) = 

has a unique solution H(k) for k large enough. 
Proof. 

According to Proposition l2.31 there exists i?o > such that Ai is a strictly increasing 
continuous function from [Bq, +oo) onto [Ai(i3o), +oo). By choosing Bq sufhciently 
large, we may assume that Xi{B) < Xi{Bo) for all B < Bq. Let kq = \/Xi{Bq), 
then, for any B > Bq, the equation 

Xi{nH) = 

has a unique solution H = Aj^^(«;^)/k with Aj^^ the inverse function of Ai defined 
on [Ai(Bo),+oo). □ 

Lemma 2.5. 

Let H = H'^^{k) he the solution to the equation 

Xi{kH) = 

given by Proposition \2.4\ Then there exists a real valued sequence (f?j)j>i such that 

(in the sense of asymptotic series) with Ai = miusgs Mi(q^s) introduced in Defini- 
tion[E7[ 
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Proof. 

By Theorein l2.2l and (|2.ip there exists a sequence {mk)k>i such that, for any N E 'N, 



N 

-JV + l 



Ai(B) = AiB + B^mfeS"'=/2 + 0(5^^) as S +00. (2.4) 



fe=i 



Wc compute with the Ansatz for i/(K) given by (|2.3p : 



k>l 

°° ,,.2-fe 



j"=l A;>1 ^1 j = l 

^(?7j +mj)/t~^ 
i>i 



2 , 2 



where the coefficients rhj only depend on the r]k for k < j. Thus, the form (|2.3p 
admits a solution in the sense of asymptotic series. It is an easy exercise to prove 
that iJp"(K) is equivalent to this series. □ 
2.2. Agmon estimates near corners for the linear problem. 

If </) € C^{il) (i.e. with support away from dfl) it is a simple calculation to prove 
that 

/ - A)<p\^ dx > [ curlAl^ipda;. (2.5) 

Jn Jn 

In particular, for A = BF, 

Qn,B[^]>BUf. (2.6) 

Using the technique of Agmon estimates ( |Ag[IHeI] ) one can combine the upper and 
lower bounds p.4p and (|2.6p to obtain exponential localization near the boundary 
for ground state eigenfunctions of T-C{B). For completeness we give the follow- 
ing theorem (without proof — we will give the proof of similar non-linear estimates 
below), though we will not need the result here. 
Theorem 2.6. 

Let ipB be the ground state eigenfunction of 7i{B). Then there exist constants 
e, C, Bq > such that 

eVBdist(.,an)||^^(^)|2^^-l|p^^^^(^)|2|^^<^|j^^||2^ 

for all B > Bo- 

In order to prove exponential localization near the corners for minimizcrs of S^.h 
we will need the operator inequality (|2.7p below (compare to (|2.6p ). 

Theorem 2.7. 

Let 6 > 0. Then there exist constants Mq,Bq > such that if B > Bq then Ti-^B) 
satisfies the operator inequality 

n{B) > Ub, (2.7) 
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where Ub is the potential given by 

( (/ii (as) - S)B, dist(.T, s) < Mo/VB, 
Ub{x) ■= I (Oo - S)B, dist(x, S) > Mo/^/B, dist(a;, dil) < Mo/y/B, 
[ (1 - 6)B, dist(x, dn) > Mo/Vb. 

Proof of Theorem \2.7\ 

Let xi G C°°(R) be non-increasing and satisfy Xi(t) — I tor t < 1, xi{t) — for 
t > 2. 

Define, for L, M, B > 0, 

Xm{x) :=xi(VBdist(x,I])Af), 

XmW := -x?)(v^dist(a:,S)/M) x xi (VSLdist(.T, 91])/(2Af)) 

Xm(^) := ■^{l-xl){^LA\st{x,dn)/{2M)). 

The parameter L will be fixed. It is chosen sufhciently large that supp x^m consists 
of N (the number of smooth boundary curves) disjoint components (lying along 
each smooth boundary piece) when \fB jM is large. 

Using the IMS-formula we can write for any e i/^(f7), 

Qn,BW\ > Qn,B[xT/<l>] + Qn,B[XM4>] + gf2,B[XM0] - c^Uf, (2.8) 

for some constant C > independent of M , B and 0. 

We will estimate each term of (|2.8p by using successively results for the first 
eigenvalue of the Schrodinger operator in a domain with one corner, in a smooth 
domain and in the entire plane. 

Since x™{4> has compact support in H, we get (see p.6p ) 

Qn,BWM<t>\ = Qr^.b[Xm<I>] > B\\xt<l>f. (2.9) 
For the corner contribution and boundary contribution, we will use the estimates 
in angular sectors and regular domains obtained in |Bon2i IHeMo2| . 
For any corner s e S, we define a domain fl^ such that fl O B{s, e) = f^s n B{s, e) 
for e small enough (e < dist(s, E\ {s})) and its boundary is C°° except in s. Let s_ 
and s+ be the neighbor vertices of s (if they exist). We define two regular domains 
H,^ and r2+ such that there exists e > with n B{x, e) = il^ n B{x, e) for any 
X € {y G Fs s^, £{s,y) < 2/3£(s, s-t)} where Fs^s^ denotes the piece of the boundary 
of n which joins the edges s and s± and £(s,s±) is the length of Fs ^^. Figures [2] 
and [3] give examples of domains fls and ilf . 

As soon as B/M"^ is large enough, the support of Xm' union of disjoint 

domains localized near each corner s, s € S. Consequently, for B > Bq, we can 
rewrite xW 

cor \ ^ cor, 5 -,1 ^ cor.s cor.s ^ cor.s' cA w / / 

Xm = Z^Xm with s e suppXm , suppxM nsuppxjv/ =V),Vs^s. 
Furthermore, we choose Bq large enough such that for any B > Bq, 

suppxM''nJ^cr!„ Vses. 

Using the eigenvalue asymptotics from |Bon2[ Prop. 11.4] and |BonDa[ Th. 7.1], 
we therefore conclude that 

Qo,i3[XM'^0] > (Mi(«s)i? - CB'/')\\xTrn'- (2.10) 
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Figure 2. Definition of fis 




Figure 3. Definition of f7+ and Cl^ 



By a similar argument, we prove an analogous lower bound for the boundary con- 
tribution. Indeed, if B is large enough, the support of Xm is the union of disjoint 
(c.f. the choice of L) domains localized near each piece of the smooth boundary 
and we rewrite 

{x\f? = J2(^xTn' + ixT'^?) with suppxjjf c of no, Vs e s. 

Let s g E. From the asymptotics of the ground state energy of Tin'{B) for smooth 
domains O' ( [HeMo2|, Thm. 11.1]) we get the following lower bound 

> {QoB - 2M,B'^\i,^{s) - Co{nt)B'/^}\\xT^^<Pf, (2.11) 

where is a universal constant, Co(Of ) is a domain-dependent constant and 
K*(s) denotes the maximal curvature of the boundary dilf . We can bound Kmax(s) 

by 
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and similarly for Co(rif ). Then, there exists C independent of M and s such that 
QuAx'm'-'^^ > (QoB - Ci3i/2)||^bd,s,±^||2^ ^2.12) 
Using again the IMS-formula and (|2.12p . we can bound 

s(ES,± 

> (OoS - CBV2)||^bd^||2 _ c^m\ (2.13) 

We clearly get the resuU of Theorem [2?7l by combining Ift^ with jM]), ([2T0|) and 
p.lSp and choosing Mq,Bo sufficiently large. □ 

Using the lower bound (j2.6p combined with the upper bound inherent in (|2.4p . 
one can get the following Agmon type estimate for the linear problem. Again we 
only state the result for completeness and without proof, since we will not use 
Theorem 12.81 in the remainder of the paper. 

Theorem 2.8. 

Let ipB be the ground state eigenfunction of Ti.{B). Then there exist constants 
e,C, Bq > such that 




+ B-'\pbMx)\'} dx < CUbWI , 



for all B>Bo. 



3. Basic estimates 

We will need a number of standard results that we collect here for easy reference. 
First of all we have the usual L°°-bound for solutions to the Ginzburg-Landau 
equations (|1.4p . 

moo<i. (3.1) 

The proof in [DGPj does not depend on regularity of the boundary, in particular, 
it is valid for domains with Lipschitz boundary. 

The normalization of our functional £k,.h is such that £k,h[0,F] = 0. So any 
minimize! {tjj,A) will have non-positive energy. Therefore, the only negative term, 
— K^||^/;||2, in the functional has to control each of the positive terms. This leads to 
the following basic inequalities for minimizers, 

WPnHAi'h < ^llV'lb, (3.2) 

i7||curlA- 1||2 < !|V^||2. (3.3) 

Furthermore, using (j3.ip . 

Il^lll< 11^112. (3.4) 

The following lemma states that in two dimensions it is actually irrelevant whether 
we integrate the fields over or over in the definition of £k.^h- 

Lemma 3.1. 

Let be a bounded domain with Lipschitz boundary and let (?/', A) be a (weak) 
solution to (jl.4p . Then curl (A — F) = on the unbounded component o/K.^ \ fl. 
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Proof. 

The second equation, (jl.4bp reads in the exterior of H,, using that curlF = 1, 
(aacurl (A - F), -Sicurl (A - F)) = 0. 

Thus we see that curl (A— F) is constant on each connected component of ]R^\r2 and 
since it has to be in it must therefore vanish on the unbounded component. □ 

Lemma 3.2. 

There exists a constant Co (depending only on CI) such that if (V', A) is a (weak) 
solution of the Ginzburg- Landau equations (jl.4p . then 

/|A-Fp<Co/ IcurlA- Ipdx, (3.5) 
Jn J«? 

\\^-nwi.2^a)<Co f IcurlA-lpdx. (3.6) 

Proof. 

Let b = curl (A - F). By Lemma [Q suppfe C IT. Define T2ix) = ^ log(|a;|) (the 
fundamental solution of the Laplacian in two dimensions), and w ^ T2 * b. Then 
w G (M2) aj^j (ggg pi^ ) 

Aw = b, W'^wWmn) <C{n)\\b\\mn). (3.7) 

Let A = {-d2W,diw) € H^{R^). Then 

div A ~ 0, curl A = b. 

So we conclude that A = A — F, and therefore p.5p follows from (|3.7p . 
To establish (|3.6[) we use p.Sp together with the standard estimate 

||£'a|li2(ii2) < C(||diva||i2(K2) + ||curla||L2(R2)). 

□ 

4. Non-linear Agmon estimates 
4.1. Rough bounds on | iA| 2- 

In this chapter we prove that minimizers are localized near the boundary when 
H > K. The precise meaning of that statement is given by Theorem 14. II below. In 
particular, since ||'0|joo < 1, the L^-norm satisfies ||i/'||2 = o(l). We thus give a very 
precise and general upper bound to the field strength above which superconductivity 
is essentially a boundary phenomenon. Notice that this is the field which is usually 
called in the literature, although a precise mathematical definition is somewhat 
difficult to give. 

The proof of Theorem 14.11 given below has been developed in cooperation with 
R. Frank. 

Theorem 4.1 (Weak decay estimate). 

Let n be a bounded domain with Lipschitz boundary. Then there exist C, C > 0, 
such that if (■(/;, A)^^/^ is a minimizer of S^^h with 

k{H - k)> 1/2, (4.1) 

then 

Ml <C I |V(^)P dx < ^' (4.2) 

J{y/K{H-K) dist(a;,aO)<l} \/ ^{H — K) 
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Proof. 

The last inequality is an easy consequence of (|3.1|) . since there exists a constant 
Ci > (depending only on ^l) such that measja; : dist{x,dfl) < A} < CiA for all 
Ae (0,2]. 

Let X G (R) be a standard non-decreasing cut-off function, 

X = l on [l,oo), X = on (—00,1/2). 

Notice for later use that this implies that Hx'lloo > 2. Let further A > (we will 
choose A = 1/^k{H — k) at the end of the proof) and define xa ^ ^ by 

Xa(x) =x(dist(a;,ar!)/A). 

Then x\ is a Lipschitz function and suppx^ C fl. Combining the standard local- 
ization formula and p.4ap . we find 

\PnHA{Xxi')\^ dx - I \VXX?\^? dx = ^{xli^,n,HAi') 

Jn 

= J \xxi'?dx~n^ j xlm'^dx. (4.3) 

Since xaV" h^-s compact support we have 

/ \PkHA {Xxi^)\'' dx > kH / (curlA)lxAV'l'dx 

Jn 

> tiH\\xxM\l - A«i/||curlA - llhllxA^'lli (4.4) 
Using ([^ and ([^ . we get from and that 
i^iH - K)\\xxip\\l 

<'«||V'l|2||xA^||^-«;' / xlm^dx + Wx'WlX^' [ mx)fdx 
J J{dist(x,an)<A} 

<lllV'll^ + llx'llLA-' / \^{x)\'dx + h^^ [{xt~xlM'dx. 

Notice that since x the last integral is negative and we thus find by dividing 
the integral HV'lli iii two 

{K[H~K)-1/A}\\xxnl 

<7 /(l-xi)lV'Pdx+||x'||LA-' / \^{x)\'dx 
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{dist(a;,aa)<A} 



<(llx'!lLA-' + l/4) / \^{xrdx. 

J {dist(x,dn)<X} 



Choose A = 1/ y' k{H — k). By assumption k{H — k) — 1/4 > k,{H — n)/2, and the 
conditions on x, K.iH - k) imply that HxIlL^"^ + 1/4 < 2||x'||L-A"^- Thus, 



iixaV'II^<4||x'iil / m^^dx. (4.5) 

J{dist{x,dn)<X} 



Consequently, 



11^112 <(4||x'llL + l) / mx)\''dx. (4.6) 

This finishes the proof of (g^]). □ 
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For stronger fields superconductivity is essentially localized to the corners. 

Theorem 4.2 (Decay estimate on the boundary). 

Suppose that fl satisfies Assumvtion \1.3[ For pi G (Ai,0o), define 

E' := {s G S I yUi(a5) < and 6:= inf {fii{as) ~ fJ,}- (4.7) 

5es\s' 

(in the case S = S', we set b :~ Qq ~ fJ.)- 

There exist ko,C,C' , M > 0, such that if {if) , A) i^^h is a minimizer of £k,h with 



— >Ai"\ K>Ko, (4.8) 

K 



then 



,2 . 



Ur2<C H{x)\-'dx<-. (4.9) 

J {K<i\st{x, Y.')<M} 1^ 

Proof. 

To prove this result, we follow the same procedure as in the proof of Theorem 14. II 
Let 5 = 6/2, and let Mq = Mq{S) be the constant from Theorem 12.71 Let x G 
C°°(R) be a standard non-decreasing cut-off function, 

X = l on [l,cx)), x = on (-00,1/2), 

and let A = 2Mo/VkH. Define xa : ^ K, by 

Xa(x) =x(dist(x,I]')/A). 

Then xx is a Lipschitz function and suppxA H S' = 0. Combining the standard 
localization formula and (|1.4ap . we find as previously 

f \p.HAixx^)\^dx~ f \Vxx\^\M^dx^^{xlib,n^HA^) <^^XxM\l (4-10) 
Jn Jn 

As in (|4.4p . we need a lower bound to /^^ |Pk_ha(xaV')P dx. Since suppxAHSO ^ 0, 
we cannot argue as in (j4.4p . Therefore, we will introduce the constant magnetic 
field F for which we have such an estimate, namely Theorem 12.71 We can write 



\PKHA{x\i^)\ dx>{l-s) / b«HF(XAV')l rfa; 

Jn 

-e-^ f {^Hf\F - A\^xxn^ dx. (4.11) 
Jn 



Theorem 12.71 and the choice of A imply that 



\PKHF{xxi^)\ dx > inf ^iiias) - S KiJ||xA^/'||2 

sGS\S' 



t^+^jKHllxxMli (4.12) 

We now have to give a lower bound to the second part of the right side of (|4.11|1 . 
We can estimate 

/ {^HflF - AHxaV-I' dx < {KHnA - F\\i \\xxiA\l (4-13) 
Jn 
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By Sobolev inequalities, ()3.6p and (|3.3p . we deduce 

A2||Tri A l|2 ^ /^,.2 Tj-2 II TTi a I|2 



(KiJ)^||F - A||| < CK^i7^||F - All 



< C'K2i72||cui.lA- 1||^2(R2) 

< (5«;2||V;||2. (4.14) 

Let us now estimate Hxa'^HI- According to (|3.1|1 and the property of the cut-ofT 
function < xa < 1, we can bound IxaV'I from above by 1 and deduce, using also 
Theorem 14.11 



IIxaV^III 



/^^ IXAV-I^dx < < ^. (4.15) 

Inserting (liTT^ . ((iH)) and ((iTT5)) in ((iTT|) . we obtain 

\PnHA{xx4')f dx > (1 - £) (^A^ + «i^llXA^||^ - Ce-^K^/^ H^MI ^ . (4.16) 



We insert in gHU]). Then 



(1 - e) ( + ^ ) - - Ce-^K^/^ 



{dist(2;,E')>A} 



< (Cs-'k'^' + Wx'WIX-'') / 1^1' dx, (4.17) 

J{dist(2;,S')<A} 

Assumption (|4.8p leads to the lower bound 

(1 - e) ^/i + kH - - Ce'^K^I'^ > ^KiJ, (4.18) 

as soon e is small enough and k large enough. 

Once e is fixed and with A = 2Mt:,/ \/kH , we find 

Ce-iK3/2 + ||y||^A-2<cKi7. (4.19) 

Combining jUTTl), (|4T8l) and ([4T9)) . we deduce 

\iP\^dx <C [ \il;\^dx. (4.20) 

{dist(a;,S')>A} J{dist(a;,E')< A} 



It follows easily that 



|^||2<(C + 1)/ \tPfdx. 

J{dist{x,i:')<X} 



Inserting the choice A = 2Mq / \/ kH and the condition (|4.8p on iJ, this clearly 
implies (|4?9l) . □ 
4.2. Exponential localization. 

In order to obtain exponential decay in the interior of the domain, we need the fol- 
lowing energy estimate, Lemma for functions located away from the boundary. 

Lemma 4.3. 

Let f2 C he a hounded domain with Lipschitz houndary. There exist constants 
Co,Ci > such that if k{H — k) > Co and ("0, A) is a minimizer ofSi^ n, then for 
all (j) £ (f2) we have 



- KHA)m > kH{1 - Ci||^||2)||0|| 
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In particular, using the estimate on HV'lh from Theorem \4-l\ we find 



|(-zv - KHAW2 >^h[i- -=^=1 !I<^!1^. 



Proof. 

We estimate, for <p G C^(f^), 

\\{~iW - KHA)(j)\\l> kH I cmlA\(P\^dx 

Jn 

> KH\\(j)\\l - Ki7||curlA - llbll^lli (4.21) 

By the Sobolev inequality, for (p G C^(]R^), and scaling wc get, for all 77 > and 
with a universal constant Csob, the estimate 

||<^|lI<Csob(r?||V|</.|||J+7?-i|l^||i). (4.22) 

We can estimate ||V|(/)|||2 by ||(— iV — KHA)(f)\\2 by the diamagnetic inequality. 
Choosing, 77 = bKg||curi a-i||2 ' "^^'^ some 77' > 0, we thus find, using (|3.3p . (|4.2ip 
and g22l), 

\\i-zV-KHA)m 

> kHMI ?/|1(-zV- ^FA)0|12 - ir/)-^Cl^{KHncm-lA 1^11^112 



> ^Hmi[i wr'c'i^^imi) v'wh^ ^HA)m (4.23) 

By assumption k/H < 1. We take 77' = HV'lb and find 

(1 + Uhm-^^ - ^HA)4>\\1 > kH{1 - ClMh)\ml (4.24) 
By Theorem 14. II we have 

1 + 11-0112 

if k{H — k) is sufficiently big. This finishes the proof of Lemma [4.31 □ 
By standard arguments Lemma 14.31 implies Agmon estimates in the interior. 



Theorem 4.4 (Normal Agmon estimates). 

Let Q be a bounded domain with Lipschitz boundary and let b > 0. There exist 
M, C, e, Ko > 0, such that if (7/;, A) is a minimizer of £^,h with 

H 

> 1 + 0, K > Kq, 

K 



then 
n 



'^t(^)/'|^|2 + J_|(_jv- Ki/A)7/;|^) < C / li^fdx. (4.25) 



Here t{x) := dist(.T, 90). 
Proof. 

The function t{x) = dist(a;, 9r2) defines a Lipschitz continuous function on fl. In 
particular, \/t £ L°°{i}). Let x G C°°(M) be a non-decreasing function satisfying 

X=l on [1,00), x = on [-00, 1/2). 
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Define the (Lipschitz continuous) function xm on by Xm{x) — x{ We 
calculate, using (|1.4ap and the IMS-formula 

K^llcxp {e^/^t)xMi'\\l > n{exp{2eV^t)xMi',K^{l- IV'H'/') 

= / |pKHA(e^^*XMV^)|'rfa;- / | V(e^^*XM)V'|' ^a;. (4.26) 



Combining Theorem 14. II with Lemma 14.31 there exists g with g = o(l) at oo, such 
that 



P.HA{e'^''"'xM^)\ dx>f,Hil + g{KH))\\e/^-'''xMHl 

Since > 1 + 6, we therefore find, with some constant C independent of k, H, e 
and M 



l + g{KH) 



1 



1 + 6 



< Ce'\\Wt\\Ue'^''"\Mm 



M2 



M 



dx. 
(4.27) 



For n sufficiently big we have, since H > (1 + &)k 

1 



1 + g{tiH) 



> b/2. 



1 + 5 

We choose e sufficiently small that Ce^||Vt||^ < 6/4 and finally obtain for some 
new constant C 

„2eM 



xMni < c- 



M2 



{VKHt(x)<M} 



\il:{x)\^dx. 



(4.28) 



On the support of 1 — xm the exponential e^^^^* is bounded, so we see that 

\\e^^'nl<C" I Wx)pdx, (4.29) 

J {\^t{x)<M} 

which is part of the estimate (|4.25p . 

It remains to estimate the term with |(— iV — KHA)xjj\ in (|4.25p . This follows 
from the same considerations upon inserting the bound (|4.29p . □ 

Lemma 4.5. 

Suppose that Vl <zM? satisfies Assumvtion \1.3[ For fi € (Ai,0o), define 

S' := {s e S fj,i{as) < n}, and b := inf {fj,i{as) — fJ,}. (4.30) 

' 5eE\s' 

(in the case S = S', we set b :^ Qq — fi). 

There exist Mq > such that if {ip,A) is a minimizer of S^^h, then for all (j) € 
C°°(il) such that dist(supp 0, E') > A/q/V kH , we have 

b" 



2 



(4.31) 



for kH sufficiently large. 
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Proof. 

Let 6 ~ 5/2 and let Mq = Mo{S) be the constant from Theorem 12.71 We estimate, 
for (j) G such that dist(supp 0, S') > Mq/VkH, 

||(-iV - KHA)(t>\\l = - kH¥)4> + kH{Y - A)(t)\\l 

>(l-e) / - KH¥)(t)\'^ dx - e-^ [ (nHyiF - A\'^ \(t)\^ dx. (4.32) 

Jn Jn 

Using Theorem 12 . 71 and the support properties of 4>, we have 

/ - KHF)(f>f dx > ( inf fii{as) - s] KHimI 

Jn \ses\T,' J 

^[^t+^^nHUWl (4.33) 

Using the Cauchy-Schwarz inequaUty, (|4.14p and Theorem 14.21 we can bound the 
last term of (gSS]). 

/ {KHf\F - A|2 dx < {KHfWA - F||2 \\m 

<C\m\l (4.34) 



. 2 

We use the Sobolev inequality (|4.22p in (|4.34p and estimate ||V|<?!)|||2, using the 
diamagnetic inequality, by ||(— iV — KHA)(j)\\2 to obtain 

/ {kH)-'\F - A|2 dx < CsobO?!|(-iV - KHA)m + rr'iml). (4.35) 

Combining (|432)) . (|433)) and (|435)) . we deduce that 

1 + ^) ||(-^V - /c7JA)0||2 > |(l _ e) (^M + - ^} ll-^lli (4.36) 

We choose rj = jj^, then (|4.36p becomes 

^ + Hi) "^"'^ " ^HA)m >KH(^{l-e) (^/i + ^) - ll'/'lli (4.37) 

If we choose e sufficiently small and independent of k, H (actually, since /i + 6/2 < 1, 
£ = 6/8 will do) then ((OT|) follows. □ 

By standard arguments Lemma 14.51 implies the Agmon estimates given in The- 
orem 11.61 

Proof of Theorem \1.6l 

The function t'{x) := dist(x,I]') defines a Lipschitz continuous function on fl. In 
particular, |Vt'| < 1. Let x G C°°(M) be a non-decreasing function satisfying 

X = l on[l,oo), X = on [—00,1/2). 

Define the function xm on Q by xa/(2^) = xi * ''^jy^^ ). Using Lemma [4.51 there 
exists /? > 0, such that if A/, are sufficiently large, then 
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Using ()4.26p and the assumption ^ > /i ^, there exists some constant C inde- 
pendent of K, 77, e and M such that 

Pfi\\e^^''xMm < Ce^Wt'\\Ue'^''xMm (4.38) 



n|2 ^ /— F7\ 2 



^ll^^'lloo /" 2e\/rH't'(2;) 
M2 ' 



X ( ^f^^ — 



We achieve the proof of Theorem 11.61 with arguments similar to the ones of the 
proof of Theorem 14.41 □ 

5. Proof of Theorem 11.41 



Combining Proposition 12.41 and Lemma 12.51 it only remains to prove (|1.9[) . We 
will prove that for large k the following two statements are equivalent. 

(1) There exists a minimizer {ip,A) of S^.h with ||'0||2 7^ 0. 

(2) The parameters k, H satisfy 

-Xi{kH)>Q. (5.1) 
Suppose first that (|5.1[) is satisfied. Let ui{kH) be the normalized ground state 
eieenfunction of H(kH) and let t > 0. Then, for < 2 'l.^^J'^'^ui , 

£^^H[tui{KH),F] = f-[Xi{KH) - + ^t*\\ui{KH)\\i < 0. (5.2) 

This shows that ^ imphcs ([T]). 

Notice that this first part did not need the assumption that k is large. However, 
for large k we know that ()5.1|) is satisfied iff iJ < Hq^{k) (defined in Lemma [23]). 

Suppose that {-ip^A) is a non-trivial minimizer of £k,h- We may assume that 
H > (1 -I- 6) K for some b > 0, because by Proposition 12.41 (|5.ip is satisfied for 
K > kq, H < iJ^"(K), where H'^^{k) has the asymptotics given in Lemma [2.51 
Furthermore, we may assume that H < Tk for some T > 0. This follows from 
jGiPh| — we give the details for completeness: 
Since "0 7^ 0, we have 

< Xi{^iH)\\i;\\l < f Ip^HF^'l^dx 
Jn 

<2 / \p^HAi'\^dx + 2{KH)^ [ \A^F\^\^\^dx. 
Jn Jn 

We now use, (13.11) and Lemma 13.21 to obtain 



Q<Xi{i^H)\ml<c\ f \p^HAi^\''dx + {KHf I IcurlA-lpdxj 
Jn J«? ^ 

where the last inequality holds since 5^ A] < 0. Since Xi{B) increases linearly 
in B we deduce that H = 0{k,). 

From the discussion above, we know that we may assume 

{l + h)n<H < b-^K, 

for some 6 > 0. By Theorem 14. II we therefore find, for some C > 0, 



q<C\ I dxY^'mUC'^^. (5.3) 
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Since ("0, A) is a non-trivial minimizer, ^K.ffiV'i A] < 0. So we also have 

< ^|1V'I|4 < ti'^UWl - / |(-*V - HiHA)^\ =: A. (5.4) 
2 Jn 



The inequality (|5.3p therefore becomes, 

U\\l<C"^fKK-^'''. (5.5) 
By Cauchy-Schwarz we can estimate 

< A = n^Wm - 1 I ((-iV - kHF) + kH{F - A))V'|^ dx 

^ -{nHf ( iF-AplV^pda;. (5.6) 



So we find, by inserting (|5.5p . (|5.4p and using Cauchy-Schwarz, 

< A < (^2 _ ||^||2 ^ c"^i^^^|^At-3/2yA 



^(.i/)2l|F-A|iy^. (5.7) 
VA V 



^2 

Since 5^, A] < 0, we get using Lemma 13.21 and a Sobolev imbedding. 



{nHf\\¥ - A||^ < C(KiJ)2||curl A - 1||^, 



Inserting this in (|5.7p yields. 

0< A< (A.2_Ai(A.if))||0||2 + C-^, 

which permits to conclude that (|5.ip is satisfied. 

Thus ll]) and ([2]) are equivalent for large k which implies (|1.9p . This finishes the 
proof of Theorem 11.41 □ 



6. Energy of minimizers 

6.1. Basic properties. 

In the case where -f- ^ ^7 with Ai = miusgs Mi('^s) < yu < 6oi superconductivity 
is dominated by the corners. The asymptotics of the ground state energy in this 
case is given by Theorem II . 71 which we will prove in the present section. 

Recall the functionals J" ,, with ground state energy E°' ,, defined on angular 
sectors Fq by (jl.lip . We give the following proposition without proof, since it is 
completely analogous to the similar statements for £k,h- 

Proposition 6.1. 

The map (0, Oq) x R+ 3 (/ii, ^2) ^ E^-^ ^3 is continuous. 

Suppose that fii < Qq- If l^i < Mi(q?), then E^_^ 112 ^ ^ '^'^'^ = is a minimizer. 

If Hi > /ii(a), there exists a non-trivial minimizer ipQ 0/ J^^ ^^^^ . Furthermore, 
there exist constants a, C > such that 

^ e2-l-l(|^o(a:)P + |(-*V-F)V^oP)dx<C. (6.1) 
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Finally, ipo satisfies the uniform bound, 

IIV-olloo < ^. 

One easily verifies the following scaling property. 

Proposition 6.2. 

Let A > 0. Then the functional, 

|(-*V - A-2f)^,|2 _ ^,A- + ^A- dx, 

defined on {tp £ L^(ra) | (— iV — A^^F)^jj e L^{Ta)} is minimized by ipoiv) = 
ipo{y/h), where ipo is the minimizer of J^_^^^^. 
In particular, 

inf ^ |(-zV - A-'F)^f t^iA-'m' + ^A-2|^|4 dx = E^^^^. 

By continuity of ii"^^ we get the following consequence. 

Proposition 6.3. Suppose that — > /i < Go as k — > oo, and that di{K), d2{K) — > 
1 as K oo. Then the ground state energy of the functional 

/ \{-iW - KHF)ij\^ -di(K)K^\^\^ + d2(K) — \i;\^dx, 

tends to i?" ,, as k —^ oo. 

6.2. Coordinate changes. 

Let s G S. By the assumption that dQ is a curvilinear domain there exists 7's > 
and a local diffeomorphism <i>s of such that (f>s(s) = 0, {D^s){s) e 5*0(2) and 
$s(5(s,r,)nf7) =r„,n$s(s(s,rs)). 

Let u,A = (^1,^2) e C^(B(s,rs)) and define u(?/) = w($-i(y)). Let fur- 
thermore, B{y) = B{^^^{y)), where B{x) = curl A. Then the quadratic form 
transforms as 

/ \{-i\/ - A)u{x)\^ dx 
Jn 

= {{-iV -A)u{y),G{y){^i\I -k)u{y))\detD<i>:\y)\dy. (6.2) 

Here G{y) = {D<^s){D<^sY\. _^ , v and A = (^1,^2) satisfies Aidxi + ^2rfa;2 = 
Mdyi + iL2dy2, so 

9^,i2 - ay.il = |det2?$-i(y)| B{y). (6.3) 

6.3. Proof of Theorem Ol 
Upper bounds 

We indicate here how to obtain the inequality 

inf f.,^f(.)[^,A] < ^£^.^ + 0(1), (6.4) 

which is the 'easy' part of (|1.12p . 
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The inequality (|6.4p follows from a calculation with an explicit trial state. The 
test functions will be of the form A = F and 

i,{x) = ^ Vs($s(x)), with = e-^''^<\(y^y)x(|2/|). 

Here r]s G C°°(R^,M) is a gauge function, x is a standard cut-off function, x = 1 
on a neighborhood of 0, suppx C i?(0, r), with r — miusgsj^'s}, and iIji'-^ is the 
minimizer of J"\. The proof of (|6.4|) is a straight forward calculation similar to 
the lower bound (given below) and will be omitted. Notice though that the decay 
estimates (j6.ip for the minimizers "0"^ imply that K,Hy)x{\y\) — 4'i\W '^Hy), 

is exponentially small. 
Lower bounds 

Let (V', A) be a minimizer of Ek.h- Define xi,X2 G C°°(M) to be a standard 
partition of unity, xi is non-increasing, Xi + X2 ~ I7 Xi(^) = 1 fo^' ^ 1; Xi{t) ~ 
for t > 2. 

For s G S, let 

^s(a;) = Xi('«^~'dist(x,s)) 

with e > 0, and define (po ~ yj\ — X^ses '/'s • Notice that when k is sufficiently large 
and s, s' e S, s 7^ s', then 0s05' = 0. Therefore, using the Agmon estimates, the 
IMS-localization formula and the estimate ||'0l|oo < 1, we can write. 



^.A^. K>Y. ^-A<l>s^. A] + 0{k-^). (6.5) 

By the Sobolev imbedding W^^^i^L) L*(r2), Lemma W% combined with (|3.3p . and 
the Agmon estimate we get 

{KUfWK - Fill < C{KHf\\X - nw^.-iu) 
< C"(KiJ)2||curlA- 1||^ 

<C"k^U\\1<C"". (6.6) 

Thus we can estimate 
Jn 

>il-K-'/^) I - KHF){cj,4')\^ dx - k'/^{kH)'\\A-F\\IUMI 

Jn 



> (1 - K 



-1/2) / ~ KHF){(f>si^)\^ dx - Ck-^/^, (6.7) 

Jn 



where we used the inequality 



UsMll < \l I Wdx < JC I ldx< C'k-\ 

'{dist(2;,S)<J\/K-i} 



Now consider the change of coordinates <f>s from subsection 16.21 For sufficiently 
large values of k we have supp(/)s C B{s, Vs). Define 

= (05 V') ° ^s"^- 

Since | det £'$5(0)1 = 1, we get by Taylor's formula that 

I IdctD^sl - l| < Ck-^+' 
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on supp-i/^s. 

Consider the transformed magnetic field as in (j6.3|) . We define 

p{y) := |detZ?$-i(y)|B(y) ^ \dct D<^-\y)\ ^1 + 0{k-^+'), (6.8) 

on suppi/'s- We look for A = (^i, ^2) such that dy^A2 — dy^Ai = P{y). 
One choice of a solution is 



With this choice 
Thus 



A = (^-zj2/2, [/3(y'i, ys) - 1/2] dy[ 



Therefore, for some rj G C°°(il,]R) we find 
Jn 

= j {{-iV - A^i^A)(e"'^Vs),G(y)(-^V - KHA){e'''""A))\detD^-^\ dy 

> (1-Ck-i+<^)|(1-k-i+3<^) J - K,HF){e"'"'^iPs)\^ dy 

-K^-'^inH)' \A~F\^\^s\'dy} 

> (1 - 2Ck-i+3^) y \{-i\7 - KHF){e'''""^s)\^ dy + 0{K-'^+^'). (6.10) 
By (mini) we find 

> (1 - CiK-1+3^) y" {|(-iV-Ki?F)(e"^^Vs)|^ 

- (1 + C2K-i+3^)y le'^^'VsP + /t^le^^^'VsH dy 

+ C'(k-i+3<^). (6.11) 

We choose < e < 1/3 arbitrary. Using Proposition 16.31 and combing ()6.5p and 
(|6.1ip we find the lower bound inherent in (|6.4p . i.e. 

S.,Hi.)[y^,A]>Y,E^:^ + o{l). 

This finishes the proof of Theorem 11.71 □ 
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